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Sufficient Conditions for Uniqueness and the Local Asymptotic

Stability of Adiabatic Tubular Reactors

The stability of adiabatic tubular reactor with axial
mixing (ATRAM) has been studied first numerically by
Raymond and Amundson (1964) and later by a number
of investigators (Amundson, 1965; Nishimura and Matsu-
bara, 1969; Berger and Lapidus, 1968; Clough and Ra-
mirez, 1972) by solving a set of ordinary differential equa-
tions, an integral equation, or an inequality condition, all
of which require the steady state profiles. Thus, their
methods must also rely upon numerical solutions. The
uniqueness of the steady state has been investigated by
Luss and Amundson (1967) and Luss (1968) for an
ATRAM and by Matsuyama (1970) for an ATRAM with
recycle. The objective of this study is to obtain, using the
approach used by Clough and Ramirez (1972), more con-
venient stability and uniqueness conditions than those
currently available, that is, in terms of inlet or outlet tem-
perature and/or system parameters. We also consider the
case of equal Peclet number as a special case of the more
general case of unequal Peclet numbers.

SUFFICIENT CONDITION FOR STABILITY
IN TERMS OF STEADY STATE PROFILES

Consider an adiabatic tubular reactor with axial mixing
(ATRAM) in which a single first-order, irreversible reac-
tion is taking place. The dimensionless heat and mass bal-
ance equations are (Clough and Ramirez, 1972)

on pPu 9%n an
— T — —— — M — B
ot Py 0x2 P ox + Bif (1)
dy _ 9% Yy
—_— . — B
ot~ axr  PMT B (2)

with boundary conditions
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an(0) _oy(0) _
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(3)
o) o ) (4)
dx ox

The sufficient condition for stability as derived by
Clough and Ramirez (1972) and corrected by Liou et al.
(1972) is

Q(x) = Bifn(x)/pupu < 1/4 for all x¢[0,1] (5)

where

of | qYs(x) o nice
T P

It is noted that f,(x) is determined from the steady state
solutions of Equations (1) through (4).

Clough and Ramirez (1972) and Nishimura and Matsu-
bara (1969) carried their stability criteria to this point,
that is, in terms of steady state profiles. Starting from this
point we further develop criteria in terms of exit or inlet
temperature and also in terms of system parameters only.
We do this by estimating the supremum of Q(x) from
the steady state equations.

Considering Inequality (3) we have

Pupm
S n =
up  fa(x) 1B, (7)
0=zr=1
Therefore, the problem is reduced to the estimation of
Sup fa(x).

SUFFICIENT CONDITION FOR STABILITY
IN TERMS OF THE EXIT OR INLET TEMPERATURE

Two different cases are considered, Cases I and II.
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Case I. Equal heat- and mass-transfer Peclet numbers,
that is, py = pu = pe

It is noted that at steady state [Raymond and Amund-
son (1964)1],

B
y= —Bz— (tim — 1) (8)
1
where
B
fuim = 1 + -EZ-' (9)
Substituting Equation (8) into Equation (6) we obtain
ng N — N o
(X)) = S ————gn 10
fole) = - 2B (10)

The necessary condition for the maximum value of f,(x)
is [dfn(x)/dx]{z=z« = 0, that is, either

n(x*) = (nlim+'%) — [ N + (-%-)2]‘/2 A:E

(11)
or

n(x®) = n(1) (12)

For this system n(x) is a monotonically increasing func-
tion, n(1) = n(x), and the sufficient condition must be
examined for three cases,

(i) If n(1) <m, then x* = 1 and
dfn(x)/dx?z=1 < O

The supremum occurs at the exit, x = 1.

(ii) If n(1) = n = n(0), then
dzfn(x)/dx2 z=1>0
A2 () /dx®|p(zy = < O

The supremum occurs at n(x) = .
and (iii) If n=n(0), the supremum occurs at n(x) =
n(0) because df,(x)/dx is always negative for
all xe(0,1). Therefore, the following state-
ment is true.
The reactor system, Equation (1) through (4), with
equal heat- and mass-transfer Peclet numbers, is locally
stable, if the inequality condition

. ng Mim — B —a/n
Q= SO an < 1/4 (13)
is satisfied where
n(0) if n(0) =%
n=19n(l) if n{l) <n (14)

n if n(1) =n=n(0)

Case II: Unequal heat- and mass-transfer Peclet num-
bers, that is, py #* pu
The necessary condition is

dfn(x®)
dx
=4 g-am [ﬂ y(q—zn)izﬁ] L
n? € dx + n2 dx . 0
(15)

In general, the solutions of Equation (15) are not
unique. One of these solutions is x® = 1, the others may
be at x = £, where £ ¢ (0, 1). Since py 7 pm, we cannot
derive an analytical relationship between y(x) and n(x).
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However, for some limiting cases, for example,
If E =2 RT,

E
th S —=2a=
en q AT, 2n(x)
dy y(g—2n) dn
d —_t ——— =)
an dx + n? dx

For this limiting case, df,(x)/dx < 0 for all x ¢ (0, 1),
and the supremum occurs at x = 0. Therefore, we can
state the following:

If the reactor system, Equations (1) through (4), has
the constraint E = 2 RT,, the sufficient condition for local
asymptotic stability is

o _ Byg . y(O) e
pupm  12(0)

-/ £ 1/4 (16)

A SUFFICIENT CONDITION FOR UNIQUENESS
IN TERMS OF SYSTEM PARAMETERS ONLY

Sufficient condition for stability, Inequality (5), is ex-
tended to determine the uniqueness of the steady state
solution. The sufficient condition is based on system param-
eters only.

Casel: pm = py = pe
For this case we have
B Nim — N
o= s BLImon oy,

1=n=nyy, pe
It is easy to show that the supremum occurs at

1 fn=1
n= (17)
n oifn>1
Therefore, Inequality (13) can be modified as follows.

The reactor system with equal heat- and mass-transfer
Peclet numbers is locally stable, if the sufficient condition

Byg . Mim —

: - B oe-unc1/4 (18)
Pe n

Q" =

is satisfied, where n satisfies Equation (17).

Note that Inequality (18) is independent of steady
state profiles. Since at least one of the multisteady states
is unstable (Ivanov et al., 1967), the solution of the
steady state equations for a system which has been proved
stable must be unique. Thus, Inequality (18) is also a
sufficient condition for uniqueness.

Case II: pH P PM

For this case, the sufficient condition for local asymptotic

stability is given by Inequality (5),

Qo — Sup __Bl_q_ . _yE e~ vr < 1/4
pg=1 PHPM W
Note that
B
Q* =9 . Supy: Sup e ¥/n?
PMpu

0==y=1 1=n=ny,,

B
9 Sup e vY"/n?
pMpH l=n=njny

It can be shown that the supremum occurs at
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1 ifg/2<1
n=14 q/2 if 1<q/2<nyn (19)
Mim lf q/2 > MNim
Therefore the sufficient condition for uniqueness is
qu . i ceTUN L 1/4 (20)
pupn 1

where n satisfies Equation (19).

THE EFFECT OF SYSTEM PARAMETERS ON THE
SUFFICIENT CONDITION FOR UNIQUENESS

It is noted that when some of the system parameters
change, it is not necessary to resolve the steady state equa-
tions as discussed below.

1. If the reactor length L is changed, By, pu and pwm
are changed. But Q° does not change, thus the sufficient
condition for uniqueness, Inequality (18) or (20), is in-
dependent of reactor length. This is a conservative result
due to the extension of the stability condition to obtain
the uniqueness condition and corresponds to the case in
which the reactor is operated at a very high conversion.
However, the sufficient condition for stability, Inequality
(13), or (16), shows that the possibility of multiple steady
states can be eliminated by decreasing the reactor length.

2. If the linear velocity is changed from v; to v, then
the effective thermal diffusivity « is changed and Q,® is
given by

For highly turbulent flow where the thermal diffusivity is
proportional to velocity [Kramers and Westerterp, 1963},
Q® is inversely proportional to the velocity and thus
uniqueness of steady state can be assured by increasing
the velocity.

3. If inlet conditions ¢4 and T, are changed, it is no
longer possible to obtain by inspection Q,* from the
known Q,°. However, it can be shown that the possibility
of multiple steady states can be eliminated by diluting the
feed or by decreasing the inlet temperature.

DISCUSSION

A Liapunov technique has been used to derive a stabil-
ity condition for adiabatic tubular reactors with axial dis-
persion. A sufficient condition is obtained, and the suffi-
cient condition is extended to determine the criterion of
uniqueness.

The stability condition in terms of the steady state pro-
files and system parameters, Inequality (5), applies as
well to the case of unequal Peclet numbers. This condi-
tion is reduced to stability conditions in terms of system
parameters and the steady state outlet or inlet tempera-
ture, Inequalities (13) and (16). Inequality (16) applies
to the case of unequal Peclet numbers under a restriction,
E = 2 RT,. However, the steady state exit or inlet tem-
perature can only be obtained by solving for the entire
steady state profiles.

Our results for uniqueness, in terms of system parame-
ters only, apply as well to the case of unequal Peclet
numbers and correspond to the result of Luss and Amund-
son (1967) when Peclet numbers are equal. However, the
result of Luss and Amundson [their Equation (85)7] is left
in terms of a yet to-be-determined supremum of a com-
plicated function of dimensionless temperature.

For highly turbulent flow in which the mechanisms of
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mass and heat transfer are the same (convective), mass-
and heat-transfer Peclet numbers become equal, but in
general they are not equal as pointed out by Klinkenberg
and Mooy (1948). While we have obtained results for the
general case of unequal Peclet numbers, most of the pre-
vious work took advantage of equal Peclet numbers, an
assumption under which the system equations become
uncoupled and hence lead to a mathematically more con-
venient problem. However, this is not the universal physi-
cal situation.
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NOTATION
B r t ou (—aH)cokoL?
= parameter group, —————————

1 P group o C, Ea Ty
B, = parameter group, ko L?/E,
f = dimensionless reaction rate, f = y e~ %"
n = dimensionless temperature, n = T/T,
pm = Peclet number for mass transfer, py = vL/E,
pr = Peclet number for heat transfer, py = oL/«
pe = Peclet number for mass and heat transfer, when

equal

g = dimensionless activation energy, ¢ = E/RT,
t = dimensionless time t = E,8/L?
x = dimensionless spatial variable, x = z/L
Yy = dimensionless concentration, y = ¢/co
“ —

referred to optimal quantities
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